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Abstract. We investigate properties and describe examples of tilt-stable ob- 
jects on a smooth complex projective threefold. We give a structure theorem on 
slope semistable sheaves of vanishing discriminant, and describe certain Chern 
classes for which every slope semistable sheaf yields a Bridgeland semistable 
object of maximal phase. Then, we study tilt stability as the polarisation uj 
gets large, and give sufficient conditions for tilt-stability of sheaves of the fol- 
lowing two forms: 1) twists of ideal sheaves or 2) torsion-free sheaves whose 
first Chern class is twice a minimum possible value. 
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1. Introduction 

Let X be a smooth projective threefold over C throughout, unless otherwise 
stated. It has been a long standing open problem to construct a Bridgeland stability 
condition on an arbitrary Calabi-Yau threefold. In [BMTj , this problem is reduced 
to showing a Bogomolov-Gieseker type inequality involving c/13 for a class of objects 
they call tilt-stable objects. And in BMT] and [Mac], this conjecture is proven for 
X = P 3 . The purpose of this paper is to give some examples of tilt-stable objects. 
There are at least two possible uses of specific examples of tilt stable objects: first 
to investigate the ch 3 bound conjectured in [BMT] , and second, for understanding 
moduli spaces of Bridgeland stable objects. 

We now give some details of the constructions introduced in [BMT] . Let lo,B 
be two numerical equivalence classes of Q-divisors on X, with u> an ample class. 
Motivated by formulas for central charges arising in string theory, one defines a 
function B : D h (X) — > C on the bounded derived category D b (X) of coherent 
sheaves on X by 
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(1.1) 




ch{E) 



(1.2) 



ch 3 (E) + %-ch^E)) + i(wch 2 (E) - ^-cho(E)) 
2 o 



where ch denotes the twisted Chern character ch(E) — e B ch(E). In [BMT , the 
function Z u B , along with an abelian category Au,b that is the heart of a t-structure 
on D b (X), is conjectured to form a Bridgeland stability condition on D b (X), for 
any smooth projective threefold X over C. 

The heart A U) b is constructed by a sequence of two tilts, starting with the abelian 
category Coh(X). After a tilt of Coh(X), the paper |BMT] defines a slope function 
Vu.B on the resulting heart S^^and says an object in B u ^b is "tilt- (semi) stable" if 
it is i^s-(semi)stable. 

We now describe the results in this article. In Section [31 we show that if E G 
&uj,b is a i^.B-semistable object with v u .b{E) < inf, then H~ 1 (E) must be a 
reflexive sheaf fProposition l3.ll) . This allows us to use results on reflexive sheaves in 
studying tilt-semistable objects. For E € D b (X), we can consider the discriminant 
in the sense of Drezet: Au(E) := (u 2 dn(E)) 2 - 2{uj 3 dio{E)){ujch 2 {E)). In jBMTl 
Proposition 7.4.1], it is shown that if E is a slope-stable vector bundle on X with 
A U1 (E) = 0, then E is tilt-stable. We show a partial converse to this: 

Theorem I3.10[ Suppose E € B^^b satisfies all of the following three conditions: 
(1) H^ 1 (E) is nonzero, torsion-free, [iu,B -stable (resp. fi^^B-semistable), with 



Then E is tilt-stable (resp. tilt-semistable) if and only if E = H 1 (£')[1] where 
H^ 1 (E) is a locally free sheaf. 

Using the above theorem, we also obtain a better understanding of slope semistable 
sheaves of zero discriminant: 

Theorem 13.141 Suppose B = 0. Let F be a ^-semistable sheaf with A U1 (F) = 0. 
Then Sxt x [F, Gx) is zero, and F* is locally free. Therefore, F is locally free if and 
only if the 0-dimensional sheaf <oxt 2 (F, &x) is zero. 

As a corollary, we show how every slope semistable sheaf of zero discriminant 
and zero tilt-slope yields a ^-semistable object of maximal phase in A^^. 

Theorem 13.171 Suppose F is a [i^- semistable sheaf with A U (F) = 0, Vu{F) = 
and Lo 2 ch\{F) > 0. Then F v [2] is an object of phase 1 with respect to Z Ut o in A^p. 

Since taking derived dual and shift both preserve families of complexes, Theorem 
13. 171 implies that the moduli of Z w ,o-semistable objects in A u ,o with the prescribed 
Chern classes (if it exists) contains the moduli of //^-semistable sheaves as an open 
subspace. In the case of rank-one objects, for example, the open subspace contains 
the Hilbert scheme of points (see Remark I3.18[) . 

In Section SI we analyse tilt-stability at the large volume limit. In Remarks l3.11l 
and !4.2l we mention the connections between tilt-semistable objects and polynomial 
semistable objects. 



u) 2 chi{H- l {E)) < 0; 

(2) H°(E) E Coh^(X); 

(3) A U (E) = 0. 
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In section [5l we give some sufficient conditions for a torsion- free sheaf E G %j,b 
with 0J 2 chi(E) = 2c to be tilt-stable. Here, the number c is defined in [BMT, 
Lemma 7.2.2] as 

c := min{u) 2 chi(F) > | F G B U , B }- 

Tilt-semistable objects with u! 2 chi — c were already characterised in [BMT . Our 
results include: 

Proposition [57T1 Suppose E 6 T u , b is a- torsion-free sheaf with v^^iE) = and 
ui 2 ch\{E) — 2c, where c is defined above. 

(1) If fJ> u ,B,ma.x(E) < then E is v^^-stable. 

(2) If uj 3 > 3uj(chi(M)) 2 for every torsion free slope semistable sheaf M with 
ui 2 chi(M) — c, then E is v^.B-stable. 

We then apply this proposition to studying the tilt-stability of rank one torsion 
free sheaves that are twists of ideal sheaves of curves. 

Finally, in Section [51 we use known inequalities between Chern characters of 
reflexive sheaves on P 3 to describe many rank 3 slope-stable reflexive sheaves E 6 
Bu,b that are tilt-unstable. (An object E G Bu,b is defined to be tilt-unstable if 
it is not tilt-semistable.) We give examples illustrating an observation in [BMT, 
p. 4], that there are semistable sheaves on P 3 with v{E) = that do not satisfy 
chz(E) < jgChi(E) (the inequality in Conjecture 12. 2p . Since Conjecture 12.21 has 
been proven for X = P 3 ( jBMTj . |Macj V it follows that such E must be tilt- 
unstable. This shows that the notion of tilt-stability is a necessary hypothesis in 
Conjecture 12.21 

Acknowledgments: The authors would like to thank Ziyu Zhang for helpful 
discussions, and Emanuele Macri for kindly answering our questions. 

Notation: We write Coh- l (X) C Coh(X) for the subcategory of coherent 
sheaves supported in dimension < i, and Coh- t+1 (X) C Coh(X) for the sub- 
category of coherent sheaves that have no subsheaves supported in dimension < i. 



2. Preliminaries 

Throughout this article, X will always be a smooth projective threefold, unless 
otherwise specified. 

In this section, we recall constructions introduced in [BMTj . Let us fkw,B G 
NS(X)q in the Neron-Severi group, with uj an ample class. The category Au,,b will 
be formed by starting with Coh(X) and tilting twice. 

First, the twisted slope h^.b on Coh(X) is defined as follows. If E G Co\i(X) is 
a torsion sheaf, set Hui.b(E) = +oo. Otherwise set 



io 2 ch 1 {E) ^(ch^E) - Brk(E)) 
ch Q (E) tk(E) 

Following BMT, Section 3.1], we say E G Coh(X) is /i Wj s-(semi)stable if, for any 
F G Coh(X) with ^ F C E, we have ^,b{F) < (<)fiJ tB (E/F). Let (i u = [x ufi . 
Since Hui,b(E) = fi u {E) — Bui 2 , it follows E G Coh(A) is /i w .s-(semi)stable if and 
only if it is ^ w -(semi)stable. 
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Let Tu],b C Coh(A) be the category generated, via extensions, by /x w ^-semistable 
sheaves E of slope Hu,b(E) > 0, and let T u> b C Coh(A) be the subcategory gen- 
erated by /z w ^-semistable sheaves of slope /i u ,s < 0. Then (71,. s, J- u .b) forms a 
torsion pair, and define the abelian category B^.b as the tilt of Coh(A) with respect 
to \ Tu,BiFu,b)'- 

Bu),B = \J~u,B\\\-i'Tu,b)- 

For E 6 Bu.b, define its tilt-slope Vuj,b{E) as follows. If uj 2 ch\{E) = 0, then set 
Vu,b{E) = +oo. Otherwise set 

, 99 ^ m ZZ^BiE) <A(E) - *p*>(E) 

(Z.Z) Vu,B(£J) = ~ — ~ ■ 

u> 2 chi{E) u) 2 chi{E) 

An object E e B u ,b is defined to be i/ W: s-(semi)stablc if, for any non-zero 
proper subobject F C E in B u> b, we have Vuj,b(F) < {<)u u ,b{E/ F). We will use 
tilt-(semi)-stability and ^ Wi s-(semi)stability interchangably. 

Let 7^ B (resp. F'^ B ) be the extension closed subcategory of B^,b generated 
by i/ W) s-stable objects -E 6 B Ut s of tilt-slope Vuj,b{E) > (resp. v u ,b{E) < 0). 
Then (7^ b^L b) form a torsion pair in and tilting £> Wi B with respect to 

(%,Bi K,b) defines an abelian category A^s = (•^,b[ 1 ]> %,b)- 

In jBMT) . it is shown that a — (Z u b1 A U: b) defines a Bridgeland stability con- 
dition as long as the image of the function Z^ B restricted to A^,b \ {0} lies in the 
half-closed upper half plane H = {z e C | 3z > 0,or [3z = and 5Rz < 0]}. For 
E 6 Au,b, h follows automatically from the construction of A u ,b that B (E) > 
0; the difficulty so far i s verifying that RZ^ B (E) < when %Z u B (E) =0. To be 
more precise, in |BMT[ Cor. 5.2.4], it is shown that a = (Z u b ,A U) b) is a Bridge- 
land stability condition on D b (X) if and only if the following conjecture holds: 

Conjecture 2.1. |BMT| Conjecture 3.2.6] Any tilt-stable object E 6 B u ,b with 
v ui,b{E) — satisfies 

(2.3) ch 3 (E) < —chi{E). 

In fact, an even stronger inequality is conjectured in jBMT : 

Conjecture 2.2. |BMT1 Conjecture 1.3.1] Any tilt-stable object E e 6 w ,b with 
Vu,b{E) = satisfies 

(2.4) di 3 (E) < ^chi(E). 

In [BMTj and [Mac], this conjecture is proven for P 3 , by using the fact that P 3 
has a full strong exceptional collection. 

3. Reflexive sheaves and objects of zero discriminant 

In |BMT[ Proposition 7.4.1], it is shown that any slope stable vector bundle 
with zero discriminant is a tilt-stable object. The first goal of this section is to 
prove a partial converse to this result (Theorem 13.101) . As a corollary, we produce 
a structure theorem on slope semistable sheaves of zero discriminant (Theorem 
I3.14p . As another corollary, we show how, given any slope semistable sheaf of zero 
discriminant and v^.b = 0, we can produce a Z W! o-semistable object in A u .o of 
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maximal phase (Theorem 13. 17p . This implies that the Hilbert scheme of points on 
X in contained in a moduli of Bridgeland semistable objects on X if the moduli 
exists (Remark l3.18l) . 

We begin with the following link between reflexive sheaves and v u ^-semistable 
objects in B^^b- 

Proposition 3.1. If E E £L,s is a v^^b- semistable object with v u ,b(E) < +oo, 
then H~ 1 (E) is a reflexive sheaf. 

The proof of this proposition relies on: 

Lemma 3.2. Let F 6 Coh(X) be a torsion-free sheaf, and let F n E Coh(X) be 
the Harder- Narasimhan [i^.B- semistable factor of F with greatest \Xu,b -slope. If Q 
is the Harder- Narasimhan /i^b -semistable factor of F** with greatest /j> u ,b- slope, 
then i±u,b(Q) = (J>u,B(F n ). Hence if F E then F** £ J" w ,b- 

Proof. Observe that F** is a /i^s-semistable sheaf, and we have a canonical in- 
clusion F** A- F**. Hence Hu>,b(Q) > by the proof of existence of HN 

a H 

filtrations. Let Q F** be the inclusion, F** — > T be the cokernel of l, and 
K = ker /3 a. We have a commutative diagram with exact rows and columns: 



(3.1) 







^ K 

k 







F 



— ^F** 



0a 



T ■ 



■ T 





We have ^^{K) — ^ u ,b{Q) (since Q/K C T has codimension at least two), 
and fiu>,B(F n ) > ^l u ^b{K) (because /i w .s(i 7 'n) is greater than or equal to the slope 
of any subsheaf of F). Hence H u ,B(F n ) > H u ,b(Q)- Combined with Hu,b{Q) > 
fi>u,B(Fn*) = fJ-u,B{F n ) we have ^,b{F„) = /x u ,s(Q). 

The final statement follows from the definition that a sheaf F E Coh(X) is in 
Tu t B if and only if /i w , S :max(f ) := ^.B{F n ) < 0. □ 

Proof of Provosition \3. 1[ By Lemma [3T2l we have H^ 1 (E)** E F U ,B- Hence the 
canonical short exact sequence — > H^ 1 (E) — > H^ 1 {E)** — >• T — >• gives us an 
injection T ^ H~ l {E)[l] in B U . B - Together with the injection H- 1 (E)[1] =-> E 
in B U , B , we get T ^ E in B U , B where T E Coh- 1 ^). If T f 0, then u UfB (T) = 
oo > v^.BiE), contradicting the i/ W) B-semistability of E. Hence T = 0, i.e. H^ 1 (E) 
must be a reflexive sheaf. □ 

Corollary 3.3. Let F be a torsion free sheaf with F[l] E B^,b- If F[l] is v u .b- 
semistable, then F is reflexive. 
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Lemma 3.4. The subcategory Coh- (X) of B^.b is closed under quotients, subob- 
jects and extensions. 

Proof. Given any short exact sequence 0— > K Q ^ B — > in £> Wj b where 
Q G Coh-°(X), consider the long exact sequence 

-> H~ l (B) -> H°(K) ->• H°(Q) -> H°(B) -> 0. 
If H^ 1 (B) is nonzero, then it has positive rank, as does H°(K). However, then < 
uj 2 chi{H°(K)) =u 2 chi(H- 1 (B)) < 0, which is a contradiction. Thus H~ 1 (B) = 0, 



and the lemma follows. 



□ 



The next proposition roughly says that modifying an object in codimcnsion 3 
does not alter its z^j^B-( sem i)stability: 

Proposition 3.5. Suppose we have a short exact sequence in B^.b 
(3.2) O^E'^E^Q^O 

where Q E Coh- (A"). 

(1) If E is v u ,B~semistable (resp. is^.b- stable), then E' is v^^-semistable (resp. 
v u ,b stable). 

(2) Assuming Hom(Coh- pf), £) = 0, if E' is Vu^B-semistable, then E is 
Vu,B-semistable. 

(3) Assuming Hom(Coh-°(X), E) = and ui 2 chi(E) 0, if E' is v^^-stable 
then E is ^-stable. 

(4) If E satisfies Conjecture \2.J\ then E' also satisfies the same conjecture. 

Proof. Consider a commutative diagram of the form 







where the row is the exact sequence Q3.2p . and both columns are short exact se- 
quences in B u ,b- 

Proof of part Ql Suppose A' is a nonzero proper subobject of E' . We can put 
A = A', a = id A', 7 = erf, and let j3 be the induced map of cokernels from the 
upper commutative square. Then by the snake lemma in the abelian category B^.b, 
coker (/3) is a quotient of Q in B u ^b, and hence is a 0-dimensional sheaf by Lemma 
[341 while ker (fi) = 0. Thus v UtB (B') = v u , B (B). We also have v u , B {A') = v u ,b{ A ) 
(since A' = A). Note that A is a nonzero proper subobject of E. If E is v u , B - 
semistable, then Vu,b{A) < ^u,b{B), implying Vu, jB {A') < v u ,b(B'), and hence E' 
is i^s-semistable. Similarly, if E is v u ,b -stable, then E' is also i^s-stable. 
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Proof of part\^ Suppose that A is a nonzero proper subobject of E. We can put 
B' = im(<5e), 5' = 8e, A' = ker (<$'), put f3 as the canonical inclusion im(6') '-t B, 
and put a as the induced map of kernels from the lower commutative square. If 
A' = 0, then 8' is an isomorphism. However, this implies that 8 restricts to an 
injection from E', i.e. E' n A = 0. Hence the quotient E -» Q induces an injection 
A Q, so A G Coh-°(A) by Lemma 13. 4[ which contradicts our assumption 
Hom(Coh-°(X),.E) = 0. Therefore, A' is nonzero. 

On the other hand, if A' — E', then 8' is the zero map, meaning E' C A, and so 
there is a surjection Q -» B in B u .b- By Lemma [3.41 £? G Coh-°(X), and hence 
Vu,b{B) = oo. So i^,b(A) < v u<B {B) when A' = 

Now, suppose A' is a nonzero proper subobject of E 1 '. Since a, e and /3 are all 
injective maps, the snake lemma gives an induced short exact sequence in Bu,b of 
their cokernels: 

(3.3) -> coker (a) -> Q ->• cokcr -> 0. 

Hence coker (a), coker (/3) are both O-dimensional sheaves by Lemma 13.41 giving 
us v u ,b{A') = v u> b(A) and t>u,B{B') — Vu,b{B). If £" is i^s-semistable, then 
v u ,b{A!) < v u ,b{B'), implying v^^iA) < v u ,b(B), and hence E is z^s-semistable. 

Proof of part [5[ The proof is essentially same as for part [3J with the following 
additional argument for the scenario A' = E' . If A' = E', the hypothesis ^ 
co 2 chi(E) = uj 2 ch 1 (E') along with the injection E' A in B u ,b implies ui 2 chi(A) = 
ui 2 chi(E') > and hence v UJ , B (A) < oo = v ul ^ B {B). 

Proof of part^ Assume E is J^.s-stable, v u .b{E) = 0, and ch 3 (E) < jgchi(E). 
Since the formula for v Ui b does not have any dependence on c/13, we have Vuj,b{E) = 
v u ,b{E'), so Vu, B {E') = 0. By part[TJ E' is i^s-stable. Finally, 

2 2 

ch 3 (E') = ch 3 (E) - ch 3 (Q) < ch 3 (E) < ^-ch x {E) = ^-dii(E'). 

10 10 

□ 

Example 3.6. Let £ be a ^^-stable vector bundle on X with A UJ (E) = 0. Then 
E is ivs-stable by |BMT[ Prop. 7.4.1]. Assume ui 2 dhi(E) > 0, so E G 7^,5. 
Begining with any surjection E -» Q in Coh(A) with Q £ Coh-°(JC) we can 
apply Proposition 13.51 to obtain other examples of tilt-stable objects. For example, 
suppose X has Picard number one. Then any line bundle L on X satisfies A W (L) = 
0. Choose a line bundle L with u> 2 chi(L) > 0. Let Iz be the ideal sheaf of any 
zero dimensional subscheme Z C X. Then applying Proposition 13.51 to the exact 
sequence O->/2 0L->I->02->O shows Iz ® £ is tilt-stable. 

For objects £ G £> h (A), we have the following two versions of discriminants (see 
BMT, Section 7.3] for some background information): 

(1) A{E) := (dii(E)) 2 - 2(ch (E))(ch 2 (E)), the definition that is usually used 
for coherent sheaves; 

(2) A~ w (£) := {Lu 2 dn{E)) 2 - 2{^di {E)){Lodi 2 {E)). 

A calculation shows A{E) = (chi(E)) 2 — 2(ch (E))(ch 2 (E)) that is, we may omit 
the tildes over the chi, and in particular the A(E) is independent of B. If the 
Picard number of X is one, then A w is independent of B |Mac[ Section 2.1], but in 
general A w depends on B. 

For later use, we will need the following lemma. 
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Lemma 3.7. For any coherent sheaf F on X, we have A U (F) > (u>A(F))ui 3 . 
Proof. The Hodge Index Theorem gives (uj 2 chi(F)) 2 > (oj 3 )(uch 1 (F) 2 ), and hence 

(3.4) A U {F) = {w 2 chx{F)f - 2(u 3 di,o(F))(Ludi2{F)) 

(3.5) > w 3 (w^i(F) 2 ) - 2(u 3 7h (F))(udi2(F)) = w 3 (wA(F)). 

□ 

The following result was shown in |BMT[ Cor 7.3.2], and it was a key ingredient 
for the main result in [Mac] . 

Proposition 3.8. [BMT1 Cor 7.3.2] If E g B U<B is v^. B -semistable, then~K u (E) > 
0. 

In this section, we will investigate the tilt-stability of objects with A UJ (E) = 0. 
The following result gives many examples of tilt-stable objects. (Furthermore, in 
|BMT[ Proposition 7.4.2], they verify these objects satisfy Conjecture 12. 2\ and 
equality holds). 

Proposition 3.9. [BMT, Proposition 7.4.1] Let E be a /k Wj b- stable vector bundle 
on X with A^iE) = 0. Then E is v u ,B -stable. 

Now we come to the following partial converse to Proposition 13.91 

Theorem 3.10. Suppose E G B Uj b satisfies all of the following three conditions: 

(1) i/ _1 (£') is nonzero, torsion-free, Huj,b -stable (resp. ji u ,B-semistable) , with 
ui 2 chx{H- l {E)) < 0; 

(2) H°(E) g Coh^(X); 

(3) A U {E) = 0. 

Then E is tilt-stable (resp. tilt-semistable) if and only if E = H^ 1 (E)[1] where 
H^ 1 (E) is a locally free sheaf. 

Remark 3.11. Note that, any polynomial stable complex on X that is PT-semistable 
or dual-PT-semistable (see Lo2 ) of positive degree satisfies conditions (1) and (2) 
in Theorem 13.101 However, the theorem says that, under the assumption A w = 
0, a (dual-)PT-semistable object cannot be a genuine complex if it is to be tilt- 
semistable. 

We break up the proof of Theorem 13.101 into a couple of intermediate results. 

Proposition 3.12. Let F be a fi^^g-semistable reflexive sheaf on X such that 
A LJ (F) = 0. Then F is a locally free sheaf. 

Proof. The proof is largely based on that of |BMT[ Proposition 7.4.2]. By [Lazl 
Theorem 4.1.10], we can find a pair (f,L) where / is a morphism Y — > X that is 
finite, surjective and flat, with Y a smooth projective variety, and a line bundle L 
on Y such that (f*uj) 2 'ch 1 {L ® f*F) = 0. 

Since / is flat and both X, Y are smooth, L®f*F is reflexive by [Harl Proposition 
1.8]. On the other hand, by choosing L above so that ci(L) is a rational multiple 
of f*to, we have Af* u (L ® f*F) — Af* LJ (f*F) = because the discriminant Af* u 
is invariant under tensoring by a line bundle whose c\ is proportional to f*u), and 
A^{F) — 0. Hence (f*uj)ch,2(L ® f*F) — 0. Passing to another finite cover of 
the form above, we can assume that B is the divisor class of a line bundle M 
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on Y, and ch{M <g> L ® f*F) = ch(L <g> f*F). Now, f*F is j.^-semistable 
since / is a finite morphism. Hence M ® L <E> is /i/» u ,/»s-semistable (and 
equivalently, ^/» w -semistable) with vanishing (f*oj) 2 chi and {f*Lo)ch 2 - Thus, by 
Lan2, Proposition 5.1], M ® L® f*F is locally free, i.e. f*F is locally free. Since 
/ is surjective and flat, it is faithfully flat, and so F itself is locally free. □ 

Lemma 3.13. If E G B U . B with H~ 1 (E) a vector bundle, andH°(E) € Coh-°(X), 
then E = H-^E^l] ffi H°(E). If E further satisfies Hom(Coh-°(X), E) = or E 
is i>u),b -stable, then H (E) = 0, in which case E ~ H^ 1 (E)[1] is a shift of a vector 
bundle. 

Proof. Let F = H~ 1 {E) and T = H°(E). We have Ext 1 (T, F[l]) = Ext 2 (T, F) = 
Ext^F.T^cJx) = H X {X,F* <S)T<E)U! X ), which is zero since T G Coh-°(X). From 
the exact sequence F[l] — > E — > T in B^^b we conclude E ~ F[l] © T. If J5 
is tvs-stable, then T = (otherwise T would be a ^ ^-destabilizing object of 
E). ' □ 

Proof of Theorem[¥jE li E = H- 1 {E)[l] where H~ 1 {E) is a /Vs-stable (resp. 
Mw,s-semistable) locally free sheaf satisfying (1) through (3), then the result is 
[BMTl Proposition 7.4.1]. (Note that, [BMTi Proposition 7.4.1] still holds if we 
replace each occurence of 'stable' by 'semistable' in its statement.) 

Now, assume E satisfies (1) through (3) and is tilt-semistable. Let F = H^ 1 (E). 
Then by Proposition 13. 11 F is reflexive. The condition H°(E) € Coh- 1 (X) implies 
uj 3 cho(H°(E)) = uj 2 chi(H°(E)) = 0, and hence the condition ~K U (E) = can be 
rewritten as 

(3.6) A W (F) + 2co 3 di (F)ujdi 2 {H Q (E)) = 0. 

The Bogomolov-Gieseker inequality says uiA(F) > 0, and hence by Lemma T3.71 
we have A W (F) > 0. Since both terms A U (F) and 2aj 3 ch (F)u}ch 2 (II (E)) arc 
nonnegative, Equation 13.61 implies they must both by zero. So uJch2(H°(E)) = 0, 
and H°(E) e Coh-°(E). Since A U (F) = 0, we have F is locally free by Proposition 
I3~12l By Lemma EUl we can conclude E ~ F[l}. □ 

Using Theorem 13.101 we can also prove the following result on /i w -semistablc 
sheaves of zero discriminant: 

Theorem 3.14. Suppose B = 0. Let F be a fj, u - semistable torsion-free sheaf with 
A U1 (F) = 0. Then Sxt (F, (?x) is zero, and F* is locally free. Therefore, F is 
locally free if and only if the 0- dimensional sheaf S'xt 2 {F, ffx) is zero. 

To prove Theorem 13. 14[ we first note: 

Lemma 3.15. Suppose B = 0. If F is a ^-semistable torsion-free sheaf on X 
with A^iF) — 0, then F must be locally free outside a codimension-3 locus. 

Proof. Suppose the singularity locus of F has codimension 2. Then ch-2{F** / F) = 
ch 2 {F**/F) > 0, implying A U (F**) < A U (F) = 0, which is a contradiction by 
Lemma l3~7l and the usual Bogomolov-Gieseker inequality for /i w -semistable sheaves. 
Hence the singularity locus of F has codimension at least 3. □ 

Lemma 3.16. Suppose B = 0. Suppose F is a [i u -semistable (resp. unstable) 
torsion-free sheaf, such that oj 2 chi(F) > and A U (F) = 0. Then (r- 1 F v )[l] is a 
Vu,0- semistable (resp. z/ W) o- stable) object. 
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Proof. By Lemma [3.151 the sheaf F is locally free outside a O-dimensional locus. 
Hence S'xt l (F, (?x) is O-dimensional for all i > 0, implying A UJ (F*) = 0. Since F* is 
reflexive, Proposition ^ . 121 implies F* is locally free. And so F*[l] is j^.o-semistable 
by [BMT[ Proposition 7.4.1]. Applying Hom(Coh-°(A), -) to the exact triangle 
inD(X) 

(3.7) r^ 2 {F y ) -> (t^ 1 (F v ))[1] -> F v [l] -> r^ 2 (F v )[l] 

and writing E := (r^ 1 (F v ))[l], we obtain Hom(Coh-°(A), £) = 0. Hence, by 
applying Proposition 13.51 to the short exact sequence 

-)• F*[l] ->• E (frf^F, 

in B U) b, we get that -E itself is ^o-semistable. □ 

We can now finish the proof of Theorem 13.141 

Proof of Theorem \3.14\ By tensoring F with ^x(mu) for m S> 0, we can assume 
uj 2 ch\(F) > 0. From the proof of Lemma [3.161 we know F* is locally free. By 
Lemma and Theorem [3101 we have H°(t^ 1 (F v ))[1] = 0, i.e. Sxt x (F, G x ) is 
zero. The last assertion of Theorem 13. 141 follows from the fact that any torsion- free 
sheaf on a smooth threefold has homological dimension at most 2. □ 

Recall the following easy consequence of |BMT[ Propositions 7.4.1, 7.4.2]: sup- 
pose F is a ^s-stable vector bundle on X with A U (F) — and Vu>,b{F) = 0. 
Then the object F[l] (resp. F[2]) lies in A U ,B, has phase 1 with respect to Z u _b 
and hence is Z Wi B-semistable if uj 2 chi(F) > (resp. u 2 chi(F) < 0). Now we have 
a slight extension of this result: 

Theorem 3.17. Suppose F is a fi u -semistable sheaf with A U ,(F) = 0, v u (F) = 
and lo 2 ch\{F) > 0. Then F v [2] is an object of phase 1 with respect to Z Ut o in Au,,q. 

In particular, if (A^ o, Z u q) is a stability condition, then we can speak of .F v [2] 
as a Z^o-semistable object. 

Proof. By Lemma l3.16[ we know (r- 1 F v ')[l] is v,,, n-semistable with u,., n = 0. Hence 
{T- 1 F y )[l] G and so (r- x F v )[2] € A,, . Since (r^ 2 F v )[2] also lies in A,,o 

and has phase 1 with respect to Z u ,o, from the exact triangle (|3.7p we see that 
F v [2] is also of phase 1 in Aj,o- □ 

Remark 3.18. Given Theorem 13 . 1 71 it is reasonable to hope that for any Chern 
character ch satisfying the conditions in the theorem, the moduli space of Z U fi- 
semistable objects in A u .q (provided (A^^, Z U! o) is a stability condition and the 
moduli space exists) contains the moduli of slope semistable sheaves of Chern char- 
acter ch as a subspace. 

More concretely, suppose Z C X is a 0-dimensional subscheme of length n, and 
let L be a line bundle on X such that Iz ®I satisfies the hypotheses of Theorem 
13.171 For instance, we can choose L so that c\(L) is proportional to to (so that 
tensoring Iz by L does not alter its A u ); on the other hand, it can be checked 
easily that v u (Iz <8> L) = is equivalent to 3wci(L) 2 = uj 3 , provided uj 2 ci(L) ^ 0. 
Then (Iz CS> L) v [2] would be an object of of A^fi with phase 1 with respect to Z Ul o, 
and hence would be Z W! o-semistable in Au,o- Therefore, if the moduli space of Zu,o- 
semistable objects E G Au),o with fixed chern character ch(E) = ch((Iz 8> L) v [2]) 
exists, then it contains the Hilbert scheme of n points on X. The following lemma 



SOME EXAMPLES OF TILT-STABLE OBJECTS ON THREEFOLDS 



11 



shows that, under the condition H^ 1 (E) = 0, a Z W) o-sernistable object E <E Aj,o 
with the same Chern classes as (Jz 55 ^) v [2] is 'almost' (i.e. up to a 0-dimensional 
sheaf sitting at degree 0) of the form (Jz ® L) v [2]. 

Lemma 3.19. Suppose B = 0, and any line bundle on X with the same Chern 
classes as &x * s isomorphic to ffx (s.g. when X has Picard rank 1). Suppose 
E G Auifl is such that ch(E) — ch((Jz ® L) v [2]) where Iz 1 L are as in Remark 3.18. 
(In particular, this means ui 2 chi(E) ^ 0, u Ut o(E) = 0, and Z Ut o(E) has phase 1.) 
If H^ 1 (E) = 0, then H°(E^[2]) = I Y ® L where I Y is the ideal sheaf of some 
0-dimensional subscheme Y of X , and H°(E) is a 0-dimensional sheaf. 

Proof. With respect to Z^o-stability, E has a filtration in A^.o with Z u ,o-stable 
factors E 1 . Since ^sZ^^E) = 0, the same holds for each E % . For each i, we have a 
canonical short exact sequence in .4.^0 

E{[1] ->• E i -+ El -+ 

where E\ e and E\ e 7^,o- Since E % is Z Wj0 -stable, for each i, either E l = E\ [1] 
or E i = E\. 

We now make an observation on objects in 7^ : Suppose G is any object in 7^ 
with $fZ Uj o(G) = 0. Then G is necessarily Z^o-semistable as an object in A^,o- 
With respect to v u o-stabiUty, G has a filtration in B u ,o with i/ u -stable factors G 1 . 
By the definition of 7^ , we know i^,o(G l ) > for each i. On the other hand, each 
G 1 lies in 7^ C -4 u ,o, an d so G is an extension of the G 1 in Aj,o as well. Hence 
3^,o(G l ) = for all i. Now, if uPch^G 1 ) + for some i, then uPch^G 1 ) > 0, 
and so ^sZ^^G 1 ) > 0, which is a contradiction. Hence uj 2 chi(G l ) = for all i. By 
BMT, Remark 3.2.2], each G 1 lies in the extension-closed category 

C := (Coh^(X),F[l] : F /^o-stable with » U , (F) = 0} C B w , . 

Note that, every object in C has v u _q — +oo, and is thus i^.o-semistable. Hence 
C C 7^ o, and each G\ being i^o-stable, either lies in Coh- 1 (X) or is of the form 
F[l] for some /i Wj o-stable sheaf of fi U: o = 0. Furthermore, if G i lies in Coh-^X), 
then it must lie in Coh-°(X) since ^sZ U fl(G i ) = 0. 
Now, from the canonical short exact sequence 

(3.8) ->• Ei [1] ->• £ -> £ 2 -> 

in A(,o, we see that H- 1 (E) = implies ff°(J5i) = and H- 1 (E 2 ) = 0. That is, 
both Ei, Ei are sheaves (up to shift). In particular, by our observation above, Ei 
must be an extension of objects in Coh-°(X), and so H°(E) = E 2 € Coh-°(X). 

On the other hand, H~ 1 (Ei) is a rank-one torsion-free sheaf by our assumption 
on ch(E). Dualising (|3.8I) and shifting, we get an exact triangle 

(3.9) £ 2 V [2] ^E v [2] -+E?[1]. 

Since E 2 is a 0-dimensional sheaf at degree 0, E%[2] G Coh-°(X)[-l]. On the other 
hand, since E\ is a sheaf at degree —1, the complex ^[1] sits at degrees through 
3. The long exact sequence of cohomology of (|3.9p then looks like 

-> H°(E V [2}) -> H- 1 ^)* -> Jfom{E 2 , 0x) ■■■ ■ 

By our assumption on ch(E), we have 

chiH-^Ei)*) = chi(H°(E v [2})) = chi(I z <8 L) for i = 0, 1,2. 
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Hence ch{H- 1 {E 1 )* (g> L*) is of the form (1,0,0,*). Since H- 1 {E 1 )* (g> L* is 
a reflexive sheaf, by our assumption on X and [Siml Theorem 2], this forces 
H~ 1 (E 1 )* ® i* = G x - Hence H°(E V [2]) = I Y ® L for some 0-dimensional sub- 
scheme Y CX, while H°(E) = H°(E 2 ) G Coh-°(X) as wanted. □ 

4. TlLT-SEMISTABLE OBJECTS FOR CJ -> OO 

In |BMT1 Section 7.2], Bayer-Macri-Toda consider a subcategory 2) C when 
w is an ample Q-divisor, where 35 consists of objects E G B^^b of the following form: 

(a) i/ _1 (£') = 0, and H°(E) is a pure sheaf of dimension > 2 which is slope 
semistable with respect to uj. 

(b) H- l (E) = 0, and H°(E) G Coh^{X). 

(c) H^ 1 {E) is a torsion-free slope semistable sheaf, and H°(E) G C6h- 1 (X); 
if m«,b(^ _1 (^)) < 0, then also Hom(Coh- 1 (X), B) = 0. 

And we have: 

Lemma 4.1. BMT] Lemma 7.2.1] If E G £> w .,b is u muJ .B -semistable for m 0, 
f/ien £ G ID. 

Remark 4.2. We point out that any dual- PT- semistable complex (e.g. those termed 
as o-3-semistable in |Lo2j ) of positive degree is of type (c) in the category D above. 
We do not know whether all dual-PT-semistable complexes of positive degree are 
^mw.s-semistable for m ^ 0, although we take one step in this direction in Lemma 
14.41 below. 

In this section, we try to prove the converse of Lemma 14.11 which would give 
examples of tilt-stable objects when lj — > oo. Since tilt-semistable objects with 
Vuj.b — are Z W! B-semistable objects of phase 1 in Au>,b, these results can help us 
describe Bridgeland semistable objects on threefolds as ui —> oo. 

To start with, we observe the following easy consequence of Lemma 14.11 and 
Theorem 13.101 

Lemma 4.3. Suppose E G B u ,b is such that A W (E) = 0, ch (E) < 0, c\(E) is 
proportional to u> and io 2 chi(H~ l (E)) < 0. If E is v muJ ^B- semistable for m 3> 0, 
then E = H -1 (E)[l] where H~ 1 (E) is a -semistable sheaf. 

The next lemma is one step towards the converse of Lemma 14.11 for objects of 
type (c) above: 

Lemma 4.4. Suppose E £ £vs satisfies the following: H^ 1 (E) is a torsion-free 
slope stable sheaf H°{E) G Coh- 1 ^), n UtB {H~ l (E)) < anrfHom(Coh- 1 (X),E) = 
0. Then for any short exact sequence in B Ut B 

(4.1) O^M^E^N^O 

where M,N ^ 0, we have v m uj, b(M) < v muj .B(N) for m ;§> 0. 

Note that, Lemma I4T41 does not necessarily imply E is ^ mw .s-stable for m 0, 
since m might depend on the particular short exact sequence (14.11) being considered. 
To show that such E is v muly B-stab\e for m ^> 0, one might need to bound the Chern 
classes of all the M or TV that appear in such short exact sequences, as is done in 
[LQl Theorem 1.1(h)]. 

Before we prove Lemma 144} let us make some observations: 
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(i) The category B Ut B is invariant under replacing uj by tow for any m > 0. 

(ii) If A, C are two objects in B Ui b such that ujchi(A), chi(C) ^ 0, then we 
have 



(4.2) l —— < l —— if and only if v mul , B {A) < u mu>B (C) for m > 0. 



This is immediate from the equation 

mojch 2 (-) - '-^-choi-) 



(4.3) VmuiA-) 



m 2 u} 2 chi(—) 



Proof of Lemma \4-4\ Consider a short exact sequence (|4.1I) where M,N ^ 0. To 
show that f mu i,B(M) < v m u,B(N) for m>0, let us divide into two cases: 
Case 1: H~ l (M) ^ 0. By the ^^-stability of H^ 1 (E) and the assumption that 
H u , B {H- l (E)) < 0, we have w 2 cft 1 (iZ'- 1 (M)) < 0. This implies w 2 c^i(M) > 0, 
and so v m u,B(M) < +oo for all to > 0. If uj 2 ch\{N) = 0, then f mw ,B(AT) = +oo for 
all to > 0, and so we have v m ui,B(M) < v mu ,B(N) for all m > 0. For the remainder 
of Case 1, let us assume that uj 2 chi(N) ^ 0. Consider the long exact sequence of 
ED: 



(4.4) -> H-^M) 4 H-\E) A H-\N) A H°(M) -4 H°(E) -> ff°(iV) -> 0. 

Suppose im7 = 0. Then we have h Ui b(H~ 1 (M)) < ^ U1 ^ B (H^ 1 (N)) < 0, im- 
plying Vmw,B(M) < Vmu^iN) for to ^ by (|4.2|) . If im7 ^ 0, then we have 
^u.b{H^ 1 {M)) < /x WiB (im/3) as well as 

(4.5) A^B(im/3) < ^(fl-^iV)) < < /i u ,B(im 7 ) 

by the see-saw principle. Hence ^ lj ^b(H^ 1 (M)) < ^ U) b{H^ 1 {N)) < 0, and we have 

(4.6) Um^BiH-^M)) < UmuAH^iN)) for to » 

by (I4.2|) . Note that both sides of (|4.6|) are O(m) in magnitude. 
Now, we have 



,tt i / 1\ r\ \ , AT s mLuch 2 (H (N)) 

(4.7) VmuAH ( N )) =VmuA N ) 



m^ch^H-^N)^}) 
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On the other hand, 

^di (H°(M)) 



Vmw,B(M) < V mU}B (M) 



m 2 uj 2 r c /n(JJ-l(M)[l]) + c/ii(iJ°(M))) 



< 



mujch 2 {M) - ™^- c /i (# W[l]) 
m 2 u: 2 (chi{H- l {M)[l]) +ch 1 (H°{M)fj 



m 2 oj 2 (ch^H-^M)^]) + c/n(iJ°(Af))) m^ch^H-^M)^]) 

mujch2{M) 
m 2 oj 2 (dn(H-^(M)[l}) +dn(H°(M))^ 



much^H^iM)^]) 
2 0J 2 ch 1 (H- 1 (M)[l} 



+ VrnuAH- 1 (M)[l}). 



m 



Letting to — > oo in the above inequalities while noting v m ui,B{H 1 (M)[1]) = 
Vmu^iH^iM)), together with (gl| and flUT]), we obtain v mu , B {M) < v mu , B {N) 
for m ^> 0. This completes the proof of Case 1. 

Case 2: H^ 1 (M) = 0. In this case, if im 7 = 0, then M = H°{M) G Coh- 1 ^), 
contradicting our assumption Hom(Coh- 1 (X), E) = 0. So suppose im 7 ^ 0. 

If rk(if°(M)) ^ 0, then c^ x (F (M)) > by the definition of 7L,b, and we have 
v m uA M ) = v mu] , B {H°{M)) < for to > from while v mu>B {N) > for 

to > 0. That is, v mu] , B {M) < v mul<B (N) for to > 0. Now, suppose rk(£T (Af)) = 
instead. 

If ini7 e Coh- 1 (X), then since iJ -1 (iV) is torson-free, we obtain a nonzero class 
in Ext 1 (im7, H~ 1 (E)) = Hom(im7, H^ 1 (E)[1}), again contradicting our assump- 
tion Hom(Coh- 1 (X), J B) = 0. 

If ini7 is supported in dimension 2, then so is H°(M), and so v m uj, b(M) = 
v m u,B{H°(M)) — )■ as to — y oo, while v m u,B{N) > for to > from (|4.3|) . Hence 
Vmu.B(M) < v mul , B {N) for m ^ 0. This completes Case 2. □ 



The following lemma and corollary are more concrete than Lemma 14.41 - it tells 
us that line bundles are ^-stable when co — > oo: 

Lemma 4.5. Let E be a line bundle with io 2 ch\{E) < 0. Then there exists a 
constant too > 0, depending only onc\(E), such that E[\] is v rnu] , B -stable whenever 
to > mo- 

Proof. To prove the lemma, it suffices to find a constant too > 0, depending only 
on ch(E), such that for every short exact sequence in B UjB 

(4.8) M ->■ E[l] — > TV — > 

where M is a maximal destabilising subobject of E[l] with respect to v muj . B for 
some to > 0, we have u mUtB (M) < v mu ^ B (E\l]) for to > too. 
The long exact sequence of cohomology of (|4.8I) is 

(4.9) ff-^M) 4 £ A ff-^JV) 4 Jf°(M) 0. 
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If H~ 1 (M) is of rank 1, then (3 is the zero map, meaning H^ 1 (N) = H°(M). This 
forces N = 0, contradicting our assumption. Hence H~ 1 (M) must be zero. 

If u 2 chi(M) = 0, then M = H°(M) must lie in Coh-^X), giving us a sub- 
object of E that lies in Coh- x (X); this contradicts Ext 1 (Coh- 1 (X), E) = 0. 
Hence w 2 chi(M) > 0. Then, since we are assuming M is destabilising, we have 
Vmu,B{N) < oo, and so uj 2 ch\{N) > 0. 

Since M = H°{M) is ^ mWi s-semistable for some m, by [BMT| Corollary 7.3.2] 
we have A mul (H°(M)) > 0, i.e. 

(w 2 c^i(ff°(A/))) 2 > 2w 3 rt Q {H°(M))uJch2(H (M)), 

which gives 

(4.10) ^°(M)) < A(HQ(M)) = 1 
^ch^H^M)) 2Lu 3 ch {H°(M)) 2w 3 

On the other hand, if we let S = chi(E), then since ch 1 (H^ 1 (N)) = (5+c/ii(ff°(Af)), 
we have 

(4.11) < w 2 c/ii(iI (M)) = u?'ch 1 {H- 1 {N)) - uj 2 5 < -oj 2 6. 
Combining this with (|4. 10[) . we get 

(4 12) ^ 2 (H°(M)) < 

<jj*chi{H°{M)) 2w 3 ' 

Hence, when m > 1, we have 

_ mu)ch 2 (H°(M)) - !n^ch (H (M)) 
m 2 uj 2 dn(H°(M)) 
u 2 S oj 3 ch Q {H°(M)) 



< - 



m2w 3 6w 2 c/ii(#°(M)) 



_uj^S__ u 3 ch Q (H°(M)) 
2uj 3 m 6w 2 cIi(i?°(M)) 



(4.13) < ^ 



Since 



2w 3 ' 

mojdi 2 (E) - ^-ch a {E) 



m 2 uj 2 ch 1 (E) 

it is clear that, there is a constant tuq > depending only on ch(E), hence only 
on c\(E), such that v mu> b{M) < v m u,B(E[l]) whenever m > mo- This implies 
that fmcj.s(Af) < v m u,B(N) whenever m > mo, i.e. E[l] is ^Vni^B-stable whenever 
m > mo. □ 

The following proposition computes an explicit bound for mo that appeared in 
Lemma [43] Part (c) of the proposition can also be used to verify the inequality in 
Conjecture 12.21 



Proposition 4.6. Let (X, oj) be a polarised smooth projective threefold, and m > 0. 
Suppose B — {), E is a line bundle on X , and letd := ci(E)uj 2 < 0. Then form > 0, 
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(a) v m u,B(E[l\) — if and only if m 2 = 3ci ffi - ■ 

(b) I}v mu] , B {E[l]) = 0, thenv m ^, B (E[V\) is v m u,B- stable whenever m 2 > ^fp-. 

(c) ch 3 (E[i\) < &^chi(E[i\) is equivalent to m 2 > £i ^- 

Note that, if c\(E) is proportional to ui, then A UJ (E) = 0, in which case equality 
holds in Conjecture EH by results in |BMT| Section 7.4]. 

Proof, (a) That ^ mw ,s(i?[l]) = is equivalent to 

Tfl 3 U) 3 

mLoch 2 {E[l]) = -—ch Q (E[l}), 
o 

i.e. m 2 w 3 = 3cfw, and so the claim follows. 

(b) Suppose v m u,B{E[V\) — 0. From the proof of Lemma [4.51 it suffices to show 

(414) M (HQ(M)) 

K ' ; m2w 3 6w 2 ch 1 (H°{M)) ~ ' 

whenever m 2 > ^ 3< ^ 2 , where M is as in the inequalities (|4.13[) . 
Now, from (|4. 1 1[) we have 

1 1 

w 2 ch 1 (H°(M)) > ~d' 

and hence 

d iu 3 ch (H Q (M)) d u 3 ch (H°(M)) 



m2w 3 6w 2 c/ii( J ff°(M)) m2w 3 6d 

d raw 3 

< 



m2uj 3 6d 

m2u] i 1 — gj- i 'J, which is equivalent, iv in ^ T^ap , 



Therefore, (gTTH) holds if + < 0, which is equivalent to to 2 > 3d 



and the claiin follows, 
(c) That ch 3 (E[l}) 

Ci(E) 3 > 3dm 2 . Since d < 0, this is equivalent to m 2 > as claimed. □ 



(c) That ch 3 (E[l]) < a&.chi(E[l]) is equivalent to - Sli § 1 - < - m '% Cl(g) , i.e. 

\3 



5. Objects with twice minimal w 2 c/n 

In |BMT| Lemma 7.2.2], tilt-semistable objects F with uj 2 ch\(F) < c are char- 
acterised, where 

(5.1) c := min{u; 2 dii (F) > | F e B U , B }. 

In the next proposition, we give some sufficient conditions for a torsion-free sheaf 
E S %j,b with oj 2 chi(E) = 2c to be tilt-stable. 

Proposition 5.1. Suppose E s 7L,s *s « torsion-free sheaf with Vuj,b(E) = and 
io 2 chi{E) = 2c, where c is defined in (|5.ip . 

(1) If n u ,B,max(E) < #ien E is v UiB -stable. 

(2) J/ w 3 > 3w(cft,i(M)) 2 /or every torsion free slope semistable sheaf M with 
ui 2 chi(M) — c, then E is ^-stable. 
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Proof. Suppose we have a destabilizing short exact sequence in £L,b 

(5.2) 0-fM->£->JV^0 

with Vu:,b(M) > v Ui b(E) = > v u> b(N), and we may assume M is z^^-stablc 
by replacing it with its maximal destabilizing subobject in B^.b with respect to 
^ w ,s-stability. The long exact sequence associated to (|5.2p is 

(5.3) 0^H-\N) 4ff°(M) ^E^H Q (N) ->• 

and we identify M = H°(M). 

Since uj 2 ch\(E) = 2c, the possibilities for (uj 2 ch\(M), uj 2 chi(N)) are (2c,0), 
(c, c), and (0,2c). The cases (2c, 0) and (0,2c) are easily eliminated as possibilities 
as follows: 

• case (0,2c): Since M = H°(M) E T U , B , the condition io^ch^M) = 
forces M to be torsion. Since E is torsion free, we have /3 = in (|5 . 3[) . 
hence H- 1 (N) = H Q (M), which forces M = H°(M) = 0, contrary to 
assumption. 

• case (2c, 0): in this case iv_b(-/V) = oo and equation (|5.3p cannot be a 
destabilizing sequence. 

We now consider the case (c, c). Since M is stable with w 2 chx{M) = c, by 
[BMT1 Lemma 7.2.2] we know that H°{M) lies in the set £ described in |BMT[ 
Section 7.2]. Since H~ 1 (N) and E are torsion free, we have M is torsion free, and 
by the description of elements of 2) we have that M is a torsion-free slope semistable 
sheaf. 

Since M is i^s-stable, by |BMT| Cor. 7.3.2] we also have 

(5.4) ^ 2 (M) < ^ M » 2 . 

2cu 3 ch (M) 

Since v u .b{E) = 0, the inequality i^_b(M) > implies 

(5.5) uch 2 (M) > —ch (M). 

6 

Combining equation (|5.5[) with equation (|5.4I) we get 

(5.6) ^(M) < <" 2 *< M » 2 



() 



2uj 3 ch {M) 



or ^ < avb(M). 

The hypothesis /V-B,max(-E) < ^= implies /z w ,B,max(#) < ^,b(M). Since M is 
slope semistable, this inequality implies Homc^xjtM,]?) = and hence /3 = in 
(|5.3[) . We then get a contradiction as in the (0, 2c) case. This completes the proof 
of part (P). 

To prove part (2), suppose E has a destabilising subobject M as in (|5.2[) . The 
usual Bogomolov-Giesker inequality gives us 

(5.7) ^ 2 (M) < "(feW) 2 . 

2c/i (M) 
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Combining (|5.7[) with ()5.5[) . we get 

(5.8) ^ (M)<^ 2 (M)< W( ^ 1(M))2 



6 " v ' " v ' 2ch (M) 

and hence w 3 (c/io(-^)) 2 < 3w(c/ii(Af)) 2 . Since M is a torsion-free sheaf, we have 
ch (M) > 1, and hence w 3 < 3w(c/ii(M)) 2 . Part (2) thus follows. □ 

In BMT, Example 7.2.4], Conjecture 12 .21 was studied for rank-one sheaves of the 
form E = L® Ic, where L is a line bundle, Ic the ideal sheaf of a curve on X, and 
co 2 Ci(E) — c. In the next proposition, following the ideas in |Todl Remark 2.10], we 
study rank-one sheaves of the form E = L 2 ®Ic where oj 2 ci(E) = 2c. In particular, 
we apply Proposition 15 . II to find a condition when E is i^B-semistable. In part (4) 
of the proposition, we are able to verify Conjecture 12 . 21 for these particular objects 
E by reducing the conjecture to the classical Castelnuovo inequality. 

Proposition 5.2. Let B = 0. Suppose Pic(X) is generated by an ample line bundle 
L on X. Let h :— c\{L), D :— h , and u :— mh for some positive m € Q. Suppose 
C C X be a curve in X of degree d := h ■ [C] = h ■ ch^ffc)- Let Ic be the ideal 
sheaf of C C X, and let 

E := L 2 ®I C . 

(1) If v u $(E) — then m 2 = 12 — ^ and d < 2D. The converse also holds. 

(2) If Vuj.q{E) = and d < %D, then E is v^.Q-stable. 

(3) If —chz(ffc) < 3^ and Vuj.q{E) = then E satisfies the inequality in Con- 
jecture \2.2i 

(4) If d < D, and Vw,o(E) = 0, and X C P 4 is a hypersurface of degree D, then 
E satisfies the inequality in Coniecture \2.2\ 

Proof. We follow the argument in [BMT, Example 7.2.4]. To start with, note that 

cht{E) = 2h, 

ch 2 (E) = ch (L 2 )ch 2 (I c ) + ch^L^chiilc) + ch 2 (L 2 )ch {I c ) = -[C] + 2h 2 , and 

ch 3 (E) = ch 3 (L 2 )ch (I c ) + cft 2 (i 2 )c/ii(7c) + ch x {L 2 )c}i 2 {Ic) + ch (L 2 )ch 3 (I c ) 
AD 

= — -2d-ch 3 (O c ). 

For part (1), note that u Uj o(E) — is equivalent to mh ■ ch 2 (E) — m J l , i.e. 
-d + 2D = i.e. to 2 = 12 - ^. Since m 2 > 0, it follows that d < 2D. 

To prove part (2), we use of Proposition 15.11 In our situation, c = lu 2 Ii = 
m 2 h 3 . Take any torsion- free slope semistable sheaf M with uj 2 ch\{M) = c. Then 
chi(M) = h. By part ([2]) of Proposition 15. 1[ E would be f w ^-stable if we can show 
a; 3 > 3w(c/ii(M)) 2 i.e. m 3 h 3 > 3mh(h 2 ), or m 2 > 3; since m 2 = 12 - ^, this is 
equivalent to d < |D. 

For part (3), just note that the inequality in Conj ecture 12.21 now reads 

^ «n 4D „ , , ^ , m 2 ■ 2D AD 2d 

(5-9) y -2 d - c / i3 ( 0c )<^ r = T - i 

or, equivalent ly, 

(5.10) -ch 3 {0 c )<\d. 
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(Note that this is a stronger requirement than |BMT1 Equation (32)].) 

For part (4), if X C P 4 is a hypersurface of degree D, then by Hirzebruch- 
Riemann-Roch we have 



Then (15.91) becomes 



1-9 = X(0c) = ch 3 (0 c ) + ^(5-D) 



(5.11) 5 <^_^ +L 

When d < D, the bound on g in equation 15.111 follows from the Castelnuovo 
inequality g < h(d — l)(d — 2). (However in general, we only know d < 2D, and 
also we do not know if E is ^.o-stable.) □ 

6. TlLT-UNSTABLE OBJECTS 

In this section, we use known inequalities between Chern characters of reflexive 
sheaves on P 3 to describe many slope stable reflexive sheaves E £ B Uj b that are 
tilt-unstable. We base our examples on the following result of Miro-Roig: 

Proposition 6.1. [Mlrl Prop. 2.18] Let X = P 3 and B = 0. For all c 2 ,c 3 such 
that c 2 > 3, C3 is even, and —c 2 + c 2 < C3 < 0, there exists a rank 3 stable reflexive 
sheaf on P 3 with first through third Chern classes (0,02,03). 

Proposition 6.2. Let X = P 3 , ui = ci(^(l)) ; and B = 0. Let n and m be positive 
integers of the same parity and with 3n 2 — m 2 > 6. Let E be a slope stable rank 3 
reflexive sheaf on P 3 with Ci(F) = 0, C2(E) = — ~ m and 03(F) an even integer 
satisfying 

r. 2nm 2 . , , (9n 4 — 6n 2 m 2 + m 4 — 6n 2 + 2m 2 ) 
-(2« 3 + —3—) > c 3 (E) > 

(such an E exists by Provosition \6 . 1\) . Let F = E(— u)[l]. Then F is tilt- unstable. 

Proof. The condition is mul .o(F) — 0, i.e. ch,2(F) = ^-cho(F), is equivalent to 

C2{E) j — • 

First, note that such an E exists: to use Miro-Roig's result, we require > 
C3 > — c\ + C2 and c 2 > 3. If c 2 = — ^ m , the first inequality becomes > C3 > 

_ (9n 4 -6n 2 m 2 +m 4 -6n 2 +2m 2 ) ; ^ ^ gecond becQmes 3^ „ m 2 > g_ go guch &n £ 

exists. Let F — E{— n)[l]. Then ch 3 (F) = \ — nc 2 — # where c, = Cj(F), and we 



have (j,u,b{F) — Cl 3 = — n. Since n > 0, we have F G fi^s- 



2 

Now, we claim that ch 3 {F) > ^cft.i(F). Observe that 

,2 



ch 3 (F) > ^chi(F) 

n 3 C3 3nm 2 

— nc 2 — — > 



2 2 18 

n 3 (3n 2 — m 2 ) C3 3nm 2 

■!=> n- > 

2 2 2 18 

, 2nm 2 , , , 
^-(2n 3 + — 3— ) >c 3 (F), 

which holds by assumption. Since Coniecture l2.2l holds on P 3 , as is proved in [Mac], 
F must be z/^ Q-unstablc. □ 
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